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Abstract
Recently a set of diffeomorphisms were found which act nontrivially on the Kerr
horizon and form a left-right pair of Virasoro algebras. Using the boundary formula
for the associated central charge and assuming applicability of the Cardy formula to
a putative dual CFT, the Bekenstein-Hawking entropy for the Kerr black hole was
reproduced. In this paper, the addition of charge to the black hole is shown to require
a minimal modification to this construction which then reproduces the Bekenstein-
Hawking entropy for the Kerr-Newman black hole.
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1 Introduction
Diffeomorphisms (diffeos) in general relativity can act non-trivially on both the classical
phase space and the physical quantum states whenever the spacetime has a boundary. The
structure of such diffeos is exceedingly rich. Explorations of this subject began over half
a century ago with [1, 2] (recent adaptations to the black hole context include [3–38]) but
it remains only partially understood. The subject has been put on firmer footing with the
discovery [39–41] that in some cases the diffeos are equivalent to well understood soft graviton
insertions in quantum field theory [42].
In string theory, such diffeos which act nontrivially at the horizon have been used to
count black hole microstates and microscopically reproduce the macroscopic area law [43].
In [3, 4], it was shown that nontrivial diffeos act on the horizon of a generic 4D Kerr black
hole and create distinguishing features referred to as soft hair. In [44], following the earlier
work [45] on hidden conformal symmetry, a set of diffeos of a spin J Kerr were found with
the properties (i) the Lie bracket algebra acts as a left-right Virasoro pair on the horizon, (ii)
the corresponding Wald-Iyer-Zoupas charges [46–52] with a judicious choice of counterterm,
have central terms with cL = cR = 12J . Assuming the existence of a unitary Hilbert space
(including horizon edge states) transforming under these Virasoros, along with the Cardy
formula, the area law then follows.
A Kerr black hole is characterized by two quantities, the mass M and spin J . It therefore
cannot correspond to a general thermal state in a (parity symmetric) 2D CFT, which would
be described by three parameters: the central charge cR = cL and left and right temperatures
TR and TL. What happens is that the Kerr black hole corresponds to thermal states with
temperatures constrained by the relation T 2L = T
2
R + 1.
In this paper we add charge Q and generalize our previous work [44] to the Kerr-Newman
black hole. We heavily rely on Wang and Liu [53], in which the notion of hidden conformal
symmetry was generalized from Kerr to Kerr-Newman black holes. Interestingly the addition
of a charge parameter relaxes the constraint between TR and TL which become independent
variables. That is the main difference between Kerr and Kerr-Newman for our purposes.
The conformal-coordinate expression for the near horizon geometry in terms of TR and TL
given in [44] is unchanged, and the analysis proceeds in a nearly identical fashion to that
of the neutral Kerr. In particular, the macroscopic area law for Kerr-Newman also follows
from the assumption of a Cardy formula governing the black hole microstates.
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2 Hidden conformal symmetry
Hidden conformal symmetry of the 4D Kerr black hole was identified [45] by examining the
scalar wave equation of soft modes in the near-horizon region. This is a region of the phase
space (not of the geometry) in which
ωM ≪ 1, rω ≪ 1. (2.1)
In this region the solutions are hypergeometric functions of r which fall into representations
of an SL(2, R) conformal symmetry. The scalar wave equation can be written as the Casimir
operator of a set of vector fields either with an SL(2, R)R or SL(2, R)L Lie bracket algebra.
These ‘hidden’ symmetries are broken by the the azimuthal angular identification. This
allows for a canonical identification of left and right temperatures TL and TR (see formulae
below).
Another way to glimpse the symmetry is from the near region contribution to the soft
scalar absorption cross section
Pabs ∼ T 2hL−1L T 2hR−1R sinh(
ωL
2TL
+
ωR
2TR
)
∣∣Γ(hL + i ωL
2πTL
)
∣∣2∣∣Γ(hR + i ωR
2πTR
)
∣∣2, (2.2)
where for a scalar hL = hR = ℓ with ℓ the angular momentum and ωL,R are thermodynam-
ically conjugate to TL,R. This precisely matches that of the absorption cross section of an
energy (ωL, ωR) excitation of a 2D CFT at temperatures (TL, TR).
This structure is perhaps a hint that a hidden conformal symmetry, which acts not just
on the geometry but on the phase space, is relevant to the structure of all black holes, not
just extremal ones. If this is the case, and the CFT has central charges cL = cR = 12J
and obeys the Cardy formula, one can reproduce the entropy of the black hole [45]. It is of
interest to try to push this speculative idea further in various directions and make it more
explicit.1
This hidden conformal symmetry was subsequently shown to also be present in the case
of 4D Kerr-Newman black holes [53–56]. Here, the near-horizon neutral scalar wave equation
for soft modes exhibits this same behavior, with the additional constraint,
ωQ≪ 1. (2.3)
1One interesting direction would be to investigate the crossover Kac-Moody structure discussed in [57].
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The Kerr-Newman entropy is
SBH = π(r
2
+ + a
2) = π(2Mr+ −Q2). (2.4)
where the outer event horizon r+ and the inner Cauchy horizon r− are defined by
r± = M ±
√
M2 − a2 −Q2, (2.5)
and a = J
M
. The first law is
THδSBH = δM − ΩδJ − ΦδQ, (2.6)
where TH is the Hawking temperature, given by
TH =
r+ − r−
4π(r2+ + a
2)
, (2.7)
the angular velocity of the horizon Ω is
Ω =
a
r2+ + a
2
(2.8)
and Φ is the electric potential of the Kerr-Newman black hole,
Φ =
Qr+
r2+ + a
2
. (2.9)
The first law may also be written
δSBH =
δEL
TL
+
δER
TR
, (2.10)
where
δEL =
2M2 −Q2
a
δM +
Q(Q2 − 2M2)
2J
δQ
δER =
2M2 −Q2
a
δM − δJ − QM
a
δQ, (2.11)
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and the left and right temperatures are defined by,
TL =
r+ + r−
4πa
− Q
2
4πMa
, (2.12)
TR =
r+ − r−
4πa
(2.13)
For a neutral scalar
δM = ω, δJ = m, δQ = 0, (2.14)
with ω and m being the soft mode scalar energy and angular momentum operators. The
Frolov-Thorne vacuum density matrix for such a scalar is (up to normalization)
ρFT = e
− ω
TH
+Ωm
TH
+ Φe
TH = e
−
δER
TR
−
δEL
TL . (2.15)
The left/right energies are then given in terms of the left/right-moving frequencies by [54],
δEL = ωL =
2M2 −Q2
a
ω,
δER = ωR =
2M2 −Q2
a
ω −m, (2.16)
with (ω,m) the soft mode energy and axial component of angular momentum. Using these
modified definitions for Kerr-Newman, one then finds that the soft scalar absorption (2.2),
originally derived for Kerr, remains valid.
In [44], this numerological discussion was brought into sharper focus for the case of the
Kerr black hole by providing a set of V irL ⊗ V irR vector fields which generate the full
symmetry. These vector fields were used to compute the central charges in the covariant
phase space formalism, yielding cL = cR = 12J . Here, the same argument is followed, with
minor modifications, for the case of the Kerr-Newman black hole.
3 Conformal coordinates
The Kerr-Newman metric in Boyer-Lindquist coordinates is
ds2 = −(∆− a2 sin2 θ
ρ2
)
dt2 +
((r2 + a2)2 −∆a2 sin2 θ
ρ2
)
sin2 θdφ2
− (2a2 sin2 θ(r2 + a2 −∆)
ρ2
)
dφdt+
ρ2
∆
dr2 + ρ2dθ2, (3.1)
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where
ρ2 = r2 + a2 cos2 θ, ∆ = r2 + a2 +Q2 − 2Mr. (3.2)
The gauge field A is
A = −Qr
ρ2
(dt− a sin2 θdφ). (3.3)
Conformal coordinates are [45]
w+ =
√
r − r+
r − r−
e2piTRφ,
w− =
√
r − r+
r − r−
e2piTLφ−
t
2M ,
y =
√
r+ − r−
r − r−
epi(TR+TL)φ−
t
4M . (3.4)
These are the same as defined in [45], but note the different Q-dependent definitions of the
temperatures (2.12) are used here. As in [44], it can be shown that the past horizon is at
w+ = 0, the future horizon at w− = 0 and the bifurcation surface Σbif is at w
± = 0. Under
azimuthal identification φ→ φ+ 2π, the coordinates have the periodicities,
w+ ∼ e4pi2TRw+, w− ∼ e4pi2TLw−, y ∼ e2pi2(TR+TL)y. (3.5)
Writing the Kerr-Newman metric in conformal coordinates, to leading and subleading order
around the bifurcation surface, we get
ds2 =
4ρ2+
y2
dw+dw− +
16J2 sin2 θ
y2ρ2+
dy2 + ρ2+dθ
2
− 2w
+(8πJ)2TR(TR + TL)
y3ρ2+
dw−dy
+
8w−
y3ρ2+
(− (4πJ)2TL(TR + TL) + (4J2 + 4πJa2(TR + TL) + a2ρ2+) sin2 θ)dw+dy
+ · · · ,
(3.6)
where corrections are at least second order in (w+, w−). This metric takes precisely the same
form as the Kerr black hole (as in [44]), but again with different definitions of TL, TR and
hence of w+, w−, y.
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4 Conformal vector fields
Consider the same set of vector fields presented in [44]
ζn = εn∂+ +
1
2
∂+εny∂y, εn = 2πTR(w
+)
1+ in
2piTR ,
ζ¯n = ε¯n∂− +
1
2
∂−ε¯ny∂y, ε¯n = 2πTL(w
−)
1+ in
2piTL , (4.1)
so that ζ and ζ¯ are invariant under 2π azimuthal rotations (3.5). These vector fields commute
with one another and each obey a centreless Virasoro algebra,
[ζm, ζn] = i(n−m)ζn+m, (4.2)
and similarly for ζ¯. Their zero modes are
ζ0 = 2πTR(w
+∂+ +
1
2
y∂y) = ∂φ +
2M2 −Q2
a
∂t = −iωR,
ζ¯0 = 2πTL(w
−∂− +
1
2
y∂y) = −2M
2 −Q2
a
∂t = iωL (4.3)
where the right and left moving energies ωR, ωL are defined in (2.16).
5 Covariant charges
Here we employ the construction of covariant charges as developed in, for example, [46–52].
The construction of covariant phase space charges begins with the Lagrangian,
L =
√−g
16π
(R− FabF ab), (5.1)
where R is the Ricci scalar and F = dA is the electromagnetic field strength. Upon varying
the field strength, δAa and the metric, δg
ab = hab in the Lagrangian, we get the presymplectic
potential three-form, Θ = ∗θ, where
θ[h, g, A, F ] = (θG[h, g] + θE [A, F ])adx
a (5.2)
where θG is the gravitational part of the presymplectic potential,
θaG[h, g] = −
1
16π
(∇bhab −∇ah) (5.3)
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and θE is the part arising from the electromagnetic piece of the Lagrangian,
θaE [A, F ] = −
1
4π
F abδAb. (5.4)
When the metric variation is due to a diffeo ζ and A has a gauge transformation λ, i.e.
δgab = hab = Lζgab,
δAa = (LζA)a +∇aλ, (5.5)
then provided the background field equations are satisfied, the Noether charge density two-
form, QN = ∗QN , is defined
dQN = Θ− ιζL, (5.6)
where L = ∗L and the gauge transformation λ will be fixed below. Thus,
(QabN )G = −
1
16π
(∇aζb −∇bζa)
(QabN )E = −
1
4π
F ab(Acζ
c + λ) (5.7)
The general form for the linearized charge associated to a diffeo ζ on a surface Σ with
boundary ∂Σ is [50]
δQ = 1
16π
∫
∂Σ
k, (5.8)
where the symplectic 2-form charge integrand can be found from
k = δQN − ιζΘ. (5.9)
With k = ∗(kG + kE), the gravitational part is
kabG =
1
16π
[1
2
∇aζbh+∇ahcbζc +∇cζa hbc +∇chac ζb −∇ah ζb
]− (a↔ b). (5.10)
This makes up the Iyer-Wald charge. The part due to the electromagnetic field strength
is [58],
kabE = −
1
8π
[
(δF ab − h
2
F ab + 2F adhbd)(Acζ
c + λ) + F abδAcζ
c − 2F acδAcζb
]− (a↔ b). (5.11)
Let us first consider the electromagnetic part of the charge. At this stage we fix the gauge
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freedom λ with the judicious choice
λ = −Acζc (5.12)
so that all but the last two terms in kabE vanish. On the future horizon, where w
− = 0, the
components that contribute to the integral are k−yE and k
−+
E . Since ζ
− = 0, all terms in the
calculation involve the components of the electromagnetic field strength where one index is
w−, i.e. either F−y, F−+ or the F−θ components. It is straightforward to compute these
components in conformal coordinates and one finds that they are either zero or linear in
w−. Since the metric contains no poles in w−, these components will vanish on the future
horizon. This means that there is no contribution to the charge integral from kE.
Therefore the entire contribution to the charge arises from the gravitational part.
As explained in [44], the construction of these covariant charges involves many subtleties
and ambiguities. The Iyer-Wald charge associated to the diffeomorphisms ζn is built from
the symplectic form using the metric variation is due to this diffeomorphism. This formalism
alone is found to be inadequate for the construction of well-defined charges, as integrability
and associativity may be violated. This necessitates the addition of certain counterterms,
as set out by Wald and Zoupas, and discussed, for example in [33, 48, 50–52]. It is equally
possible that counterterms may arise for the electromagnetic part of the charge, due to similar
ambiguities. However, since the electromagnetic part as defined gives zero contribution to
the charge, one can not use arguments from integrability or associativity to motivate such
an addition.
The general form for the linearized charge associated to a diffeo ζ on a surface Σ with
boundary ∂Σ is [50]
δQ = δQIW + δQX , (5.13)
where the Iyer-Wald charge is given above from the gravitational part of the presymplectic
form,
δQIW (ζ, h; g) = 1
16π
∫
∂Σ
∗kG, (5.14)
and the Wald-Zoupas counterterm is
δQX = 1
16π
∫
∂Σ
ιζ(∗X), (5.15)
where X is a spacetime one-form constructed from the geometry and linear in h.
The choice of counterterm for the gravitational case is not well-understood. It is not
a priori fully determined by the considerations of [50, 52], where its precise form is left as
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an ambiguity. It was however shown [44] in the present context that, without a countert-
erm, there is an obstruction to defining integrable charges which canonically generate the
symmetry. Moreover this obstruction can be eliminated by the counterterm choice with [44]
X = 2dxah ba Ωb, (5.16)
where Ωa is the Ha´´icˇek one-form,
Ωa = q
c
an
b∇clb, (5.17)
a measure of the rotational velocity of the horizon. The null vectors ℓa and na are both
normal to Σbif and normalized such that ℓ ·n = −1. ℓ (n) is taken to be normal to the future
(past) horizon. qab = gab + ℓanb + naℓb is the induced metric on Σbif . It has not been shown
that this choice is unique in eliminating the obstruction or that the charges so obtained do
indeed canonically generate the symmetry. We nevertheless continue to use this formalism
to construct the charges for the Kerr-Newman black hole.
Since the Kerr-Newman metric (3.6) is identical to the corresponding metric in Kerr
(albeit with different definitions of the temperatures), the calculations of the charges with
respect to the same vector fields will be identical. The resulting central terms are therefore
(see [44] for a full derivation of the charges),
cL = cR = 12J (5.18)
6 The area law
Using cL = cR = 12J as given above, the temperature formulae (2.12) and the Cardy formula
SCardy =
π2
3
(cLTL + cRTR), (6.1)
yields the Bekenstein-Hawking area-entropy law for generic Kerr
SBH = SCardy = π(2Mr+ −Q2) =
Area
4
. (6.2)
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